The Geroch-Held-Penrose formalism is used to re-analyse algebraically special non-null Einstein-Maxwell fields, aligned as well as non-aligned, in the presence of a possible non-vanishing cosmological constant. A new invariant characterization is given of the García-Plebański and Plebański-Hacyan metrics within the family of aligned solutions and of the Griffiths metrics within the family of the non-aligned solutions. As a corollary also the double alignment of the Debever-McLenaghan 'class D' metrics with non-vanishing cosmological constant is shown to be equivalent with the shear-free and geodesic behavior of their Debever-Penrose vectors.
I. INTRODUCTION
In the quest for exact solutions of the Einstein-Maxwell equations,
a large amount of research (see for example the reviews in 21, 40 has been devoted to the study of so called aligned Einstein-Maxwell fields, in which at least one of the principal null directions (PND's) of the electromagnetic field tensor F is parallel to a PND of the Weyl tensor, also called a Debever-Penrose direction, with main emphasis on the doubly aligned Petrov type D solutions, in which both real PND's of F are parallel to a corresponding double Weyl-PND. One of the prominent tools in these and related activities has been the Goldberg-Sachs theorem, which in its original form 18 says that a vacuum space-time is algebraically special if and only if it contains a shear-free geodesic null congruence (in an adapted Newman-Penrose tetrad, 'Ψ 0 = Ψ 1 = 0 if and only if κ = σ = 0'). Goldberg and Sachs also proved that, if a space-time admits a complex null tetrad (k, ℓ, m, m) such that k is shear-free and geodesic and R ab k a k b = R ab k a m b = R ab m a m b = 0 (as is the case when k is a PND of the electromagnetic field tensor), then the Weyl tensor is algebraically special, with k being a multiple Weyl-PND. While, for a null Maxwell field 29, 38 , the Maxwell and Bianchi equations imply that both conditions Ψ 0 = Ψ 1 = 0 and κ = σ = 0 are trivially satisfied (also in the presence of a possible cosmological constant), the situation is less straightforward in the non-null case. It still is true 18, 39 that, when a PND k of the electromagnetic field tensor is shear-free and geodesic, then the Weyl tensor is algebraically special, but the reverse no longer holds. A key property in this respect is the Kundt-Trümper theorem 26 , which says that for an algebraically special aligned non-null Einstein-Maxwell space-time (with a possible non-0 cosmological constant and with k the PND of F coinciding with a multiple Weyl-PND) one necessarily has κ(3Ψ 2 − 2|Φ 1 | 2 ) = 0 and σ(3Ψ 2 + 2|Φ 1 | 2 ) = 0,
implying that the exceptional case |κ| 2 + |σ| 2 = 0 can only occur for Petrov types II or D with
Subsequent research has been concentrated on the doubly aligned Petrov type D cases, in which the Kundt-Trümper relations (2) also hold with κ and σ replaced by ν and λ. This culminated in the complete integration of the field equations for the Petrov type D doubly aligned non-null Einstein-Maxwell fields, with a possible non-0 cosmological constant:
• When 10 , I will refer to the corresponding set of solutions as the 'class D' space-times. They all admit at least a two-dimensional isometry group and count among their most famous members the Reissner-Nordström a) Electronic mail: norbert.vandenbergh@ugent.be and Kerr-Newman metrics. Several authors [5] [6] [7] [8] [9] [10] [11] [12] 14, 15, 22, 24, 33, 34 have independently contributed to the determination of class D, beginning with Carter's seminal study of the separability of the Hamilton-Jacobi and Klein-Gordon equations and culminating in the discovery 33 of Plebański and Demiański's 7-parameter metric for the non-null orbit solutions and García's construction 14, 15 of a single metric form for both the non-null and null orbit solutions.
• The case 3 2 Ψ 2 = |Φ 1 | 2 was fully integrated in 35 . In the resulting 'Plebański-Hacyan space-times' k and ℓ are respectively non-geodesic (κ = 0) and geodesic (ν = 0), while both are shear-free (σ = λ = 0) and have vanishing complex divergence (ρ = µ = 0). The metric is given by
which, for an arbitrary function F (v) 43 does not admit any isometries and only has an electromagnetic energymomentum tensor of the correct sign when Λ < 0 .
• The case 3 2 Ψ 2 = −|Φ 1 | 2 , which was overlooked in 35 , was dealt with in 16 . Its unique solutions are the 'García-Plebański metrics',
with
The corresponding space-times admit a 3 dimensional group of isometries; both k and ℓ are geodesic (κ = ν = 0), shearing (σλ = 0) and twisting, but non-expanding (ρ, µ ∈ iR). Also this metric can only describe an EinsteinMaxwell space-time with an electromagnetic energy-momentum tensor of the correct sign when Λ < 0.
In this paper I will have a closer look at the full set of algebraically special cases, both aligned (and hence by (3) necessarily of Petrov type II) and non-aligned ones. First we will see that the García-Plebański metrics are the unique members of the class of algebraically special and aligned Einstein-Maxwell solutions for which the null direction k is shearing. While doing so, I will correct an error in 25 (cited also in 40 p. 409), claiming that, at least for Λ = 0, the case κ = 0 = σ admits no solutions. This is true indeed but, as will become clear in section 2, the proof requires a much more subtle argumentation than the one presented in 2544 . The error occurs after relation (2.6) when the case ρ = −ρ is dismissed by remarking that it "leads to ρ = 0". Most likely this conclusion was prematurely arrived at by inspection of the Newman-Penrose equation corresponding to our GHP equation (87): with κ = ǫ+ǫ = Φ 0 = 0 this equation reads Dρ = ρ 2 + σσ, the real and imaginary parts of which only allow one to conclude that ρ = ±i|σ| and Dρ = Dσ = 0. In section 2 a correct proof of Kozarzewski's no-go claim will be provided, generalizing it to the case Λ 0 and showing that for Λ < 0 the only allowed solutions are the doubly aligned García-Plebański metrics with ρ = ±i|σ| = 0.
In section 3 I will consider the algebraically special and aligned Einstein-Maxwell fields for which the null direction k is non-geodesic. The general solution in this family so far is not known, but, remarkably, the Plebański-Hacyan metrics exhaust the sub-family characterised by the vanishing of the complex divergence of k.
Finally I prove in section 4 that an algebraically special Einstein-Maxwell solution possessing a shear-free and geodesic multiple Weyl-PND which is not a PND of F necessarily has vanishing cosmological constant and I give a characterization of the sub-class of the Griffiths 20 solutions. As a corollary of this theorem it follows that the 'class D' metrics 10 are the unique Petrov type D Einstein-Maxwell solutions for which the real Weyl-PND's are both geodesic and shear-free and for which the cosmological constant is non-vanishing: in other words, the double alignment condition of the class D metrics with non-vanishing cosmological constant is a consequence of their multiple Weyl-PND's being geodesic and shear-free. Whether this property persists when Λ = 0 is at present still an open problem, with only the Kundt case (ρ = 0) so far having been dealt with.
In order to study these and related issues, linking kinematic properties of certain invariantly defined null directions (such as being geodesic and/or non-shearing) to algebraic properties of the electromagnetic field tensor or of the Weyl tensor, it is natural to use the Geroch-Held-Penrose (GHP) formalism 17 . In this formalism only a pair of null directions is singled out at each point rather than an entire null tetrad, as is the case in the Newman-Penrose formalism. The resulting formalism is covariant with respect to rotations of the spatial basis vectors and boosts of the real null directions and, as such, is 'halfway' between a fully covariant approach and the NP spin-coefficient approach and leads to considerably simpler equations with fewer complex variables.
Throughout I will use the sign conventions and notations of Kramer §7.4, with the tetrad basis vectors taken as k, ℓ, m, m with −k a ℓ a = 1 = m a m a . However, in order to ease comparison with the (more familiar) Newman-Penrose formalism, I will write primed variables, such as κ ′ , σ ′ , ρ ′ and τ ′ , as their NP equivalents −ν, −λ, −µ and −π. For completeness the resulting weights, commutators, GHP, Bianchi and Maxwell equations are presented in an Appendix.
Finally note that, at least when the electromagnetic field is non-null, the pair of null directions k, ℓ can always be invariantly defined, aligning for example k with a PND of F and null-rotating about k such that Φ 1 is the only non-vanishing component of the Maxwell spinor. Obviously this choice is not unique (for example in the non-aligned case it will be preferable to align k with the multiple Weyl-PND and to null-rotate about k such that Φ 1 = 0 and Φ 0 Φ 2 = 0), but it is important to realise that any ensuing well-weighted GHP relations, such as κ = 0, ρ = 0, . . . are automatically geometrically invariant statements.
II. ALIGNED ELECTROVACS WITH A SHEARING MULTIPLE DEBEVER-PENROSE VECTOR
Let us first, for the sake of completeness, re-confirm the well-known fact 18, 39 that if a PND k of the electromagnetic field tensor F is shear-free and geodesic, then the Weyl tensor is algebraically special with k being the multiple Weyl-PND: with k a PND of F (Φ 0 = 0) satisfying κ = σ = 0, it follows from (88) that Ψ 0 = 0 and hence k is also a Weyl-PND. When F is non-null we can null-rotate about k such that also Φ 2 = 0. The integrability conditions for the Maxwell equations (94, 95) simplify then with (89, 91) to Φ 1 Ψ 1 = 0. It follows that Ψ 1 = 0 and hence k is a multiple Weyl-PND. Now let us consider the reverse situation and assume that the Weyl tensor is algebraically special, with the multiple Weyl-PND k being also a PND of the non-null electromagnetic field tensor: by means of a suitable null rotation about k the null tetrad can be chosen such that Ψ 0 = Ψ 1 = Φ 0 = Φ 2 = 0. The Maxwell equations (94, 95') and (95) become
while the Bianchi equations (96, 97) yield the Kundt-Trümper relations (2) .
In the present paragraph we consider the case where k is shearing and hence
Bianchi equation (98) simplifies now to |Φ 1 | 2 (ρ + ρ) = 0, implying that k is non-expanding. From the real part of GHP equation (87) it follows that ρ is related to σ by ρ = ±i|σ| (9) and hence, by (87, 88, 89)
From (99,99') one finds then
and
Acting with the [ð, Þ] commutator on Φ 1 now leads to an expression for ðρ, which, together with (91) and the ð derivative of (9), yields
The remaining integrability conditions for the Maxwell equations can then be written as
Next we apply the [ð, Þ] commutator to σ, to obtain an expression for τ ,
which together with its Þ derivative leads to
This suggests the definition of an auxiliary variable S (by (9) one has |S| = 1, while weight(S) = [2, −2]) such that σ = Sρ and enabling us to conclude from (21) that
By (10, (13) (14) (15) one has then
after which (97',98,98') yield
Herewith (18) reduces to
while expressing that Þ ′ (SS) = 0 (with Þ ′ S evaluated from (92)) and simplifying the result by means of (27) , one finds that
(i.e. also ℓ is non-expanding) and hence Ψ 4 = S 2 Ψ 4 . Furthermore, calculating Þ ′ ρ from (93) and expressing that Þ ′ (ρ + ρ) = 0 gives us an equation from which we can obtain Ψ 4 , Þ ′ ρ and Þ ′ S:
Next we solve (96', 97') together with (19) 
Of the Maxwell integrability conditions there only remains now the [ð ′ , Þ ′ ]Φ 1 relation, namely
which with GHP equation (91') gets simplified to the key algebraic equation
Herewith all Bianchi equations and GHP equations (except those involving the derivatives of ν) are identically satisfied. At this stage the Weyl spinor components are given by, using (38) to simplify (29) ,
I now show that the case π = 0 is inconsistent, while the case π = 0 leads to the García-Plebański metrics.
II.1. π = 0
When π = 0 we can use (40) to rewrite (39) as
while (38) becomes
Taking the ð derivative of (46) and eliminating π from the resulting equation and (40), we also find
and hence, by (46) , µ = 0. The Þ derivative of (47) yields then Sλ + S −1 λ = 0 and hence, by (47), λ = 
II.2. π = 0
Substituting π = 0 in (24,44) one obtains
whence ν = 0. While (48) proves Kozarzewski's no-go claim for Λ = 0, it also generalizes it to the case Λ 0. Furthermore, when Λ < 0 the only non-0 Weyl spinor component is Ψ 2 = R/6 and we are in the doubly aligned situation with both Weyl-PND's k and ℓ being geodesic and non-expanding. The field equations and Maxwell equations have been completely integrated in this case by García and Plebański 16 and the resulting metric is given by (5), admitting a 3D isometry group.
III. ALIGNED ELECTROVACS WITH A NON-GEODESIC MULTIPLE DEBEVER-PENROSE VECTOR
We again consider the case where the Weyl tensor is algebraically special, with the multiple Weyl-PND k being also a PND of the non-null electromagnetic field tensor, but now we take κ = 0 and hence, by (2),
Bianchi equation (99) now reduces to |Φ 1 | 2 (τ − π) = 0, whence τ = π, after which (98) implies
showing that solutions cannot be of Petrov type III or N when ρ = 0. GHP equations (88,91,92) and Bianchi equation (98) yield then
The integrability conditions for the Maxwell equations furthermore give an expression for Þπ,
together with four extra relations
with which GHP equations (89,92') imply
So far it has not been possible to complete the analysis of this case. However, it is easy to see that the Plebański-Hacyan metrics completely exhaust the non-diverging subfamily of solutions (ρ = 0) and have Λ < 0, whereas for Λ 0 no solutions exist. In fact, when ρ = 0 (54) and κ = 0 imply that also the second PND ℓ of the electromagnetic field is non-diverging (µ = 0): herewith (51) and (99') show that Ψ 3 = Ψ 4 = 0, so that we are in the doubly aligned Petrov type D case. This suffices already to conclude that the only possible solutions are the Plebański-Hacyan metrics, as this case was completely integrated in 35 , modulo the error corrected in 16 . However, it is instructive to provide a short and coordinate independent proof of the essential step in 35 , namely the part in which the authors prove that Γ 423 = 0, leading to the conclusion that ℓ not only is shear-free (λ = 0 being an immediate consequence of (97')), but also is geodesic (ν = 0):
First observe that the [ð, Þ
′ ] commutator applied to κ implies νÞκ = 0. Assuming ν = 0 leads then to an inconsistency, as we would have
with the second relation being obtained from (87). Herewith the [Þ, Þ ′ ]κ commutator relation yields
which, with νκ = π 2 (obtained from (92')) simplifies to
On the other hand (93'-93) reads
which, when added to (65), results in
The left hand side being positive definite, this shows that the case ν = 0 is inconsistent. We therefore have ν = π = 0 and hence, by GHP equation (93), R = 4Λ = −8|Φ 1 | 2 < 0.
IV. ELECTROVACS WITH A SHEAR-FREE AND GEODESIC MULTIPLE DEBEVER-PENROSE VECTOR
We now consider algebraically special (non-conformally flat) Einstein-Maxwell fields with a possible non-zero cosmological constant for which the multiple Weyl-PND k is geodesic and shear-free (Ψ 0 = Ψ 1 = κ = σ = 0) and for which k is not parallel to a PND of F (Φ 0 = 0). Choosing a null-rotation about k such that Φ 1 = 0, it follows that Φ 2 = 0 45 . The Maxwell equations (94,95) and Bianchi equations (96-99) yield then
after which the commutators [ð
Herewith GHP equation (93') becomes a simple algebraic equation for Ψ 2 ,
the Þ derivative of which (using (78,79,87,89)) results in ρR = 0.
As ρ = 0 would imply Φ 0 = 0, this shows that an algebraically special Einstein-Maxwell solution possessing a shearfree and geodesic multiple Weyl-PND which is not a PND of F necessarily has a vanishing cosmological constant 46 . The corresponding class of solutions is non-empty: imposing the additional restriction that π = 0 one can deduce that ρ = ρ and µ = µ, together with a [−2, 0]-weighted relation Ψ 3 = ρν + µτ − τ λ. It is then straightforward to construct a Newman-Penrose null-tetrad with the additional restrictions α = β = ǫ = 0 and µ = 2γ: the unique solutions in this case are the Griffiths 20 metrics, containing as special cases the metrics 3, 4, 19, 41 . At first sight one would expect the class π = 0 to admit a larger set of solutions, but this is by no means guaranteed (compare with section 2.1): anyway no explicit examples appear to be known. The only property which is easy to demonstrate -though somewhat tedious to be included in the present paragraph-is that no solutions exist for which k is non-expanding (ℜ(ρ) = 0).
As a corollary of the above result we also obtain a new characterization of the class D metrics 10 with non-vanishing cosmological constant: if one of the multiple Weyl-PND's a Petrov type D Einstein-Maxwell solution would be nonaligned with a PND of F then R = 0. In other words, for a non-vanishing cosmological constant, the double alignment property of the class D metrics is a consequence of their Weyl-PND's being geodesic and shear-free.
It is tempting to conjecture that this same conclusion also will hold when Λ = 0. However it has not been possible so far to prove this, except for the special case of the Kundt space-times (i.e. in which the Weyl-PND k has vanishing complex divergence). As the proof for this particular case is again quite tedious and little illuminating, I prefer to postpone this part to a possible later and more general publication.
V. DISCUSSION
Most results dealing with exact solutions for (algebraically special) Einstein-Maxwell fields have been obtained in the past introducing special coordinate systems, usually adapted to geodesic and/or shear-free null-congruences, or by imposing, sometimes haphasard looking, restrictions on the spin coefficients of a Newman-Penrose tetrad. This not only has turned their comparison and classification into an awkward procedure, often involving sophisticated computer algebra packages, but also has made it difficult for researchers and students entering the field to recognize the blanks which remain to be filled in. As furthermore the "Exact Solutions book"
40 touches the subject of nonaligned Einstein-Maxwell fields, or of aligned fields with a non-geodesic or shearing multiple PND, only superficially, I present below the known results, together with the ones obtained in the previous sections, schematically. From these diagrams I exclude the conformally flat case, as it implies 36 Λ = 0 with the only non-null member being therefore 40 the Bertotti-Robinson 2,28,37 metric and the null members being given by a special class of plane waves 1, 30 . In the figures below labels (1), (2), . . . next to vertical arrows refer to results obtained in the corresponding previous sections, ∄ indicates that no solutions are allowed, while a question mark indicates that no solutions are known to occur in the literature. Roman capitals II, III, N, D refer to the Petrov types and '1 × ' or '2 × ' = indicate singly aligned or doubly aligned solutions.
non-O, non-null, aligned In Fig. 1 the sub-tree corresponding to the singly aligned Einstein-Maxwell solutions with a shear-free and geodesic multiple Weyl-PND (as well as the null fields, which automatically obey this condition) is not included, as little or no progress has been made in this area since the early nineties 32, 40 , with the bulk of the material contained in 40 . The double occurence of the Plebaǹski-Hacyan metric in Fig. 1 (once as PH and once as PH', the GHP-primed version of PH with the roles of k and ℓ interchanged) is due to the fact that PH is doubly aligned with only one null-ray being geodesic and both being shear-free. The absence of doubly aligned Petrov type III solutions in Fig. 1 has been noticed already in 40 for Λ = 0, but can easily be seen to hold also for Λ = 0. 40 also mentions that the Leroy metric
27
is the unique Einstein-Maxwell solution of Petrov type II with Λ = 0, in which both the Weyl PND's k and ℓ are also PND's of F and in which the multiple PND k is geodesic and shear-free; this is not clear at all, as Leroy's solutions were only obtained in the non-radiative sub-case. It furthermore remains to be checked whether this still holds -for a suitable generalisation of the Leroy metric-when Λ = 0. 
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VI. APPENDIX: GHP, MAXWELL AND BIANCHI EQUATIONS
Weights of the spin-coefficients, the Maxwell and Weyl spinor components and the GHP operators: The prime operation is an involution with
The GHP commutators acting on (p, q) weighted quantities are given by:
[Þ, ð] = π Þ − κÞ ′ + ρ ð + σð ′ + (κµ − σπ − Ψ 1 )p + (κλ − πρ − Φ 01 )q.
GHP equations:
Þρ − ð ′ κ = ρ 2 + σσ − κτ + κπ + Φ 00 , 
Maxwell equations: 
